Consider a (real) projective plane which is topologically locally flatly embedded in S 4 . It is known that it always admits a 2-disk bundle neighborhood, whose boundary is homeomorphic to the quaternion space Q, the total space of the nonorientable S 1 -bundle over R P 2 with Euler number š2, with fundamental group isomorphic to the quaternion group of order eight. Conversely let f : Q ! S 4 be an arbitrary locally flat topological embedding. Then we show that the closure of each connected component of S 4 f .Q/ is always homeomorphic to the exterior of a topologically locally flatly embedded projective plane in S 4 . We also show that, for a large class of embedded projective planes in S 4 , a pair of exteriors of such embedded projective planes is always realized as the closures of the connected components of S 4 f .Q/ for some locally flat topological embedding f : Q ! S 4 .
Introduction
Consider a connected 1-dimensional polyhedron embedded in S 3 . (In this paragraph, we work in the piecewise linear category.) Then the boundary of its regular neighborhood in S 3 is a closed connected orientable surface F, and thus one obtains an embedding of F into S 3 . Conversely, let f : F ! S 3 be an arbitrary embedding. It follows from the Alexander duality that S 3 f .F/ consists of two connected components. Then Fox [4] has shown that the closure of each connected component is homeomorphic to the closure of the complement of a regular neighborhood of some connected 1-dimensional polyhedron embedded in S 3 . In this paper, we consider a 4-dimensional analogue of the above result of Fox in The second author has been partially supported by the Anglo-Japanese Scientific Exchange Programme, run by the Japan Society for the Promotion of Science and the Royal Society. c 1999 Australian Mathematical Society 0263-6115/99 $A2.00 + 0.00 the topological category as follows. Let P be a topologically locally flatly embedded (real) projective plane in S 4 . Then by [6, Section 9.3] , P has always a 2-disk bundle neighborhood N .P/, which is unique up to ambient isotopy. It is known that the boundary of N .P/ is always homeomorphic to the quaternion space Q, which is the total space of the nonorientable S 1 -bundle over R P 2 with Euler number š2 ( [14, 15] ). Thus we obtain a locally flat topological embedding of Q into S 4 . Recall that Q is homeomorphic to S 3 The above theorem gives a positive answer to Yamada's problem [23, Section 1] in the topological category. Note that a similar result for S 1 ð S 2 instead of Q has been obtained in [13, 20] .
In the second part of the paper, we give an existence theorem of embeddings of Q into S 4 f .Q/ are homeomorphic to E 1 and E 2 ? The second result of this paper is an affirmative answer to this question for a large class of embedded projective planes (see Corollary 3.3); for example, if either P 1 or P 2 is the connected sum of the standardly embedded projective plane in S 4 (see [12, 19] ) with a locally flat 2-knot (see [7] [8] [9] ), then the answer is affirmative.
The paper is organized as follows. In Section 2, we prove Theorem 1.1. The idea of the proof is to find an appropriate self-homeomorphism h of Q such that the closed 4-manifold obtained by gluing the closure of a component of S 4 f .Q/ and the 2-disk bundle over RP 2 by using h is homeomorphic to S 4 . This will be done by using the topological characterization of the 4-sphere, which is due to Freedman [5] . In Section 3, we prove the existence result Corollary 3.3. In Section 4, we discuss related problems in dimension four which are natural generalizations of Fox's problem in dimension three.
Throughout the paper, we work in the topological category unless otherwise indicated. The symbol "³" denotes a homeomorphism between topological spaces and the symbol " ¾ D" denotes an appropriate isomorphism between algebraic objects. Homology and cohomology groups are always with integral coefficients.
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Proof of Theorem 1.1
Let Q be the quaternion space, which is the total space of the nonorientable S 1 -bundle over R P 2 with Euler number š2. Let a be an element of ³ 1 .Q/ which corresponds to a fiber and b an element which corresponds to a section over the center circle of a Möbius band embedded in RP 2 . Then it is known that ³ 1 .Q/ has the presentation ha; [18] ). Recall that the outerautomorphism group of ³ 1 .Q/ consists of six elements corresponding to the following automorphisms:
Let Å.Q/ denote the mapping class group of Q; more precisely, Å.Q/ is the group of isotopy classes of orientation preserving self-homeomorphisms of Q. Then Price [18] has shown the following theorem. f .Q/. In the following, we identify @ W 1 ; @ W 2 and @ N .R P 2 / with Q, where N .R P 2 / is the nonorientable 2-disk bundle over R P 2 with Euler number š2. We will show that there exists a homeomorphism h i :
For the moment, let h i : Q ! Q be an arbitrary homeomorphism and set
Since the Euler characteristic of X i is equal to 2, X i is a homotopy 4-sphere if and only if it is simply connected. Thus, by virtue of Freedman's solution of the 4-dimensional Poincaré conjecture in the topological category [5] , we have only to show that X i is simply connected for some h i .
We need the following lemma.
PROOF. By Alexander duality and Poincaré duality, we have
By a similar argument, we have
Then by Alexander duality and the universal coefficient theorem, we have
which contradicts (1) . By a similar argument, we also see that
This completes the proof.
Consider X 1 . (The argument for X 2 is exactly the same.) By the definition of W 1 and W 2 , there exists a homeomorphism g :
by the above lemma and that Figure 1 , where id; id 1 and id 2 are the identity maps, i 1 , i 2 , j , w 0 , w 1 , w 2 , N w 0 , N w 1 and N w 2 are the inclusion maps, and k D þ Ž Þ is the composite of the Hurewicz map Þ :
, then the required commutativity follows. Thus we have only to show the existence of a homeomorphism
Recall that, by Theorem 2.1, every automorphism of ³ 1 .Q/ is realized by an orientation preserving self-homeomorphism. If there exists an automorphism :
and then the required commutativity holds for such an h 1 . It suffices to verify the existence of an automorphism : Figure 2) .
Recall that ³ 1 .Q/ has the presentation of the form ha; Let us consider Figure 4 , where Þ 0 is the Hurewicz homomorphism. Note that this is a commutative figure. Consider Figure 4 , Þ Ž i 2Ł is also surjective. Thus we have the following three possibilities for Þ Ž i 2Ł :
Embeddings of quaternion space in S where i are the automorphisms of ³ 1 .Q/ as defined at the beginning of this section. Then it is easy to check that the automorphism makes the required figure (Figure 3) commutative. This completes the proof of Theorem 1.1. REMARK 2.4. We can also obtain a similar result in the smooth category, provided that we replace S 4 by homotopy 4-spheres.
Embeddings with prescribed complements
Let P be a topologically locally flatly embedded projective plane in S 4 . We denote by E.P/ the closure of S 4 N .P/, where N .P/ is a 2-disk bundle neighborhood of P in S 4 (see [6, Section 9.3] It is easy to show that the order of ker i jŁ is always equal to one, two or four. When it is equal to one, the order of the element m 2 ³ 1 .E.P j // corresponding to the meridian of P j is equal to four. Otherwise, the order of m is equal to two [19 [5] . We assume that the kernel of the homomorphism i 1Ł : ³ 1 .@ E.P 1 // ! ³ 1 .E.P 1 // is of order four.
In the following, we identify @ E j D @ N .P j / with Q so that the S 1 -bundle structure of Q coincides with that of @ N .P j / induced from the D 2 -bundle structure of N .P j /. Recall that ³ 1 .Q/ has the presentation ha; b j a 2 D b 2 D .ab/ 2 i, where a corresponds to a fiber. Since S 4 is simply connected, it is easy to see that ³ 1 .E j / is normally generated by i jŁ .a/.
It is an easy exercise to list all the subgroups of G D ³ 1 .Q/ of order four, which are as follows:
where 1 2 G denotes the identity element. By our assumption, ker i 1Ł must coincide with one of the above subgroups. Note that ker i jŁ does not contain a, since the homology class in
Suppose that ker i 1Ł D G b . We denote by g i : Q ! Q .i D 0; 1; : : : ; 5/ a selfhomeomorphism of Q which corresponds to the automorphism i (see Theorem 2.1). Then set h D g 3 . Let us consider Figure 5 , which is commutative, where N i j ( j D 1; 2) are the inclusion maps. By van Kampen's theorem,
By the construction of h together with our assumption on ker i 1Ł , these two relations are equivalent to
Since i 2Ł .a/ normally generates ³ 1 .E 2 /, we see that N i 2Ł .³ 1 .E 2 // is the trivial group in ³ 1 .M h /. Thus, by the second relation, we have that
In the other case where ker i 1Ł D G ab , we can use a similar argument to show the required result. This completes the proof.
As a direct consequence of the above proposition, we have the following corollary. f .Q/ are homeomorphic to E.P 1 / and E.P 2 /. REMARK 3.4. We do not know if, in Proposition 3.1 and Corollary 3.3, the condition on the order of ker i 1Ł or ker i 2Ł is necessary or not.
In the following, P 0 will denote a standardly embedded projective plane in S 4 (see, for example, [11, 12, 15, 19, 21] ). In fact, by [12] , it is characterized by the property that ³ 1 .S
In the following, a topologically locally flatly embedded 2-sphere in S 4 will be called a 2-knot in S 4 . For a 2-knot K , we denote by P 0 ]K the connected sum of P 0 and K in S 4 . In other words, P 0 ]K is the embedding constructed from K by replacing a small 2-disk with a standard Möbius band (see [7] [8] [9] f .Q/ are homeomorphic to E.P/ and E.P 0 /.
The above corollary follows from the fact, which is easy to prove, that if P is of the form P D P 0 ]K for a 2-knot K , then ker.i Ł : ³ 1 .@ E/ ! ³ 1 .E// is of order four, where E D E.P/ and i : @ E ! E is the inclusion map. REMARK 3.6. In the differentiable category, if each of P and P 0 is the connected sum of P 0 and a smooth 2-knot, then a result corresponding to Corollary 3.5 has already been obtained in [23, 24] . REMARK 3.7. As far as the authors know, all the known examples of projective planes embedded in S 4 are the connected sum of a standard projective plane P 0 with a 2-knot. In fact, there is a conjecture that every projective plane embedded in S 4 is of this form, which is called the Kinoshita Conjecture (for example, see [7] [8] [9] and [19, Section V] ). Although this conjecture has not appeared in the literature, it has been known to knot theorists in Japan for many years (for example, see [25] ). We have a weaker conjecture that for an embedded projective plane P in S 4 , the kernel of the homomorphism i Ł : ³ 1 .@ E/ ! ³ 1 .E/ is always of order four, where E D E.P/ and i : @ E ! E is the inclusion map. We also do not know if P is topologically equivalent to the connected sum of P 0 and a 2-knot when ker i Ł is of order four. REMARK 3.8. We can obtain results similar to the above also in the smooth category. However, as in Remark 2.4, we should replace S 4 with homotopy 4-spheres.
REMARK 3.9. In Proposition 3.1, if P 1 D P 2 , then we obtain a twisted double decomposition of S 4 . Compare this observation with the results in [21, 22] .
Related problems
In this section, we first work in the piecewise linear category. Let 0 and 1 be compact connected polyhedrons. We suppose that there exist "standard" embeddings ' 0 : 0 ! S 4 Note that many examples of such decompositions of S 4 as above are known. We will give explicit examples later in this section. The above problem can be regarded as a generalization to 4-dimensions of the problem considered by Fox [4] .
